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A variant of the quadrature method of moments (QMOM) for solving multiple popula-
tion balance equations (PBE) is developed with the objective of application to steel
industry processing. During the process of oxygen removal in a steel ladle, a large panel
of oxide inclusions may be observed depending on the type of oxygen removal and addi-
tion elements. The final quality of the steel can be improved by accurate numerical simu-
lation of the multi-component precipitation. The model proposed in this article takes into
account the interactions between three major aspects of steelmaking modeling, namely
fluid dynamics, thermo-kinetics and population balance. A commercial CFD code is used
to predict the liquid steel hydrodynamics, whereas a home-made thermo-kinetic code
adjusts chemical composition with nucleation and diffusion growth, and finally a set of
PBE tracks the evolution of inclusion size with emphasis on particle aggregation. Each
PBE is solved by QMOM, the first PBE/QMOM system describing the clusters and each
remaining PBE/QMOM system being dedicated to the elementary particles of each inclu-
sion species. It is shown how this coupled model can be used to investigate the cluster
size and composition of a particular grade of steel (i.e., Fe-Al-Ti-O). VVC 2010 American

Institute of Chemical Engineers AIChE J, 56: 2347–2355, 2010
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Introduction

Deoxidation and refining are steel processes that occur
inside a ladle reactor of molten steel at 1600�C. They are spe-

cific instances of precipitation that have a large impact on the
final steel quality since the production of some inclusions can
create defects on future operations (stamping and rolling).1

During deoxidation a significant amount of oxide inclu-
sions2 are produced and the knowledge of their size and com-
position allows the steel quality to be controlled. Some stud-
ies1–4 have shown that the typical elementary particle size of
oxide inclusion ranges from nanometers to micrometers due to
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growth and aggregation phenomena. A numerical tool has
been developed to predict and to understand the production of
large inclusions, taking into account the strong coupling
between steel flow and chemical reactions. The spatial cluster
evolution inside the ladle reactor is modeled by a CFD code
(Fluent

VR
) and the chemical composition evolution is computed

using an in-house thermo-kinetic code.
Since McGraw5 developed the quadrature method of

moments (QMOM) and validated it for a problem of growth
in an aerosol dynamics context, various developments have
been achieved. Marchisio et al.6,7 used QMOM for nucleation,
crystal growth, and aggregation, and validated their results
through comparison with some analytical results. However, as
our study involves a large range of inclusion compositions, the
standard QMOM is not appropriate because only one internal
coordinate can be tracked. Here, a multi-QMOM model is pre-
sented, based on a decomposition of the global population bal-
ance equation (PBE), which involves several internal coordi-
nates, into several PBE with one internal coordinate.

The main objective of this article is to present how the clus-
ter size and composition are tracked by the multi-QMOM
model. In the first part, the various PBE and the associated
QMOM are described. Then the numerical implementation is
detailed. The third part presents the numerical tool applied to
a ladle reactor and results are finally discussed.

PBE and associated QMOM

In this section, the PBE and associated QMOM are pre-
sented. A new usage of QMOM for a multi-precipitation sys-
tem with two or more different kinds of oxide is explained.

Original PBE

This study focuses on the three major particle behaviors
that are observed inside a ladle reactor of liquid steel,
namely nucleation, diffusion growth and aggregation. They
can be expressed through a population balance model which
is a continuity statement based on the number density func-
tion.

The time evolution of the particle size distribution (PSD)
is described by the following equation based on the number
density function in particle length coordinate:6

@nðLÞ
@t

þ uih i@nðLÞ
@xi

� @

@xi
Ct
@nðLÞ
@xi

� �
¼� @

@L
½GðLÞnðLÞ�þhðLÞ;

(1)

where n(L) is the number density function of particle size L, huii
denotes the Reynolds-averaged velocity in the xi-direction
(Einstein summation convention is applied), Ct is the turbulent
diffusivity, G(L) is the diffusion growth rate, and h(L) represents
the net rate of introduction of new particles into the system.8

New particles of size L are originating from three source terms:

hðLÞ ¼ JðLÞ þ BðLÞ � DðLÞ; (2)

where J(L) is the nucleation rate, B(L) and D(L) are the rate of
birth and death, respectively, due to particle aggregation.
According to the work of Smoluchowski (see the textbook by
Ramkrishna9), we define the birth and death rates of aggregates
for a discrete system composed of interacting monomers:
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where L and k are particle sizes, b is the length-based aggregation
kernel. Finally, neglecting the turbulent diffusion compared to the
convective transport, the PBE can be rewritten as:

DnðLÞ
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½GðLÞnðLÞ� þ JðLÞ þ BðLÞ � DðLÞ: (5)

The left member of Eq. 5 regroups all the transport terms (D/
Dt stands for the total derivative using the fluid velocity), whereas
the right member represents the population size evolution.

PBE written in the QMOM framework

The moments of the PSD are obtained from the number
density function by applying the moment transformation:

mk ¼
Z1
0

nðLÞLkdL; (6)

where k is the moment order. The first four moments can be
related to the physical properties of the distribution: m0 is the
number of particles per unit volume, m1/m0 is the mean
diameter, m2/m0 is the mean particle surface area (up to a factor
p for spherical particles), and m3/m0 is the mean particle volume
(up to a factor p/6 for spherical particles).

As the left member of the PBE is solved using the CFD
code, the terms in the right member must be approximated
with the quadrature. Let us first apply the moment transfor-
mation for each term on the right-hand side:
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where L* is the nucleus size, and

Bk ¼ 1
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with u3 ¼ L3�k3. The nucleation rate J and the crystal growth
rate G are considered as time-dependent variables and their
values are obtained by the thermo-kinetic software.

The QMOM can be seen as a moving class method where
Nq classes evolve in size and weight. The so-called quadrature
approximation is performed on the number density function:6,7

nðLÞ �
XNq
i¼1

wid L� Li½ �; (10)

where Nq is the number of nodes, each of one is defined by its
abscissa Li and weight wi, and d is the Dirac delta function.
The moments are obtained by using this Gaussian quadrature
approximation in Eq. 6:
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The abscissas Li and weights wi are determined through
the product-difference algorithm from the lower-order
moments. Only 2Nq moments are needed to apply this algo-
rithm.5–7,10 Now, by applying the quadrature approximation
in Eqs. 7–9 the moment equation becomes:
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where bij ¼ b (Li, Lj). It has been shown6,7 that it is possible to
track with high accuracy the moments of the PSD by using
only three nodes (Nq ¼3).

Multi-PBE model description

To better understand the issues of this project, a symbolic
representation of the shape and composition of the harmful
inclusions is displayed in Figure 1.

The particle size depends on the critical nucleation length
L*, on the diffusion growth rate G, on the rate of aggrega-
tion bij and obviously on the nature of inclusions produced
inside the reactor. From this description, it is obvious that
several internal coordinates are necessary to properly
describe the shape and composition of clusters.

Recently, Marchisio and Fox11–13 developed the method
of direct quadrature of moments (DQMOM) to solve the
PBE with two or more internal coordinates, however this

method still suffers from some numerical instability. This is
especially true when a large number of internal coordinates
is required, mainly due to ill-conditioned matrices and to the
difficulty of choosing the right set of moments. Thus, for the
time being, the DQMOM has been excluded for the present
application. By contrast, the QMOM with one internal coor-
dinate is a precise approximation of the original PBE.

Accordingly, an alternate method relying solely on
QMOM has been devised. The presented multi-QMOM
method does not take the correlations between composition
and size into account. In this manner, the chemical composi-
tion is followed by using a QMOM/PBE system for each
kind of precipitate (i.e., Al2O3, TiO2…). Each system fol-
lows the number of nuclei (m0,p) and the size of the elemen-
tary particles for the precipitate p. In return, only diffusion
growth and nucleation can modify the distribution:

Dmk;p

Dt
¼ k
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�k
p ; (13)

where the subscript p stands for the elementary particle PBE/
QMOM system. Then, the cluster size is followed by a
dedicated PBE/QMOM system which includes all elementary
particles, with a particular growth treatment based on volume
conservation and a particle collision calculation:
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where Np is the number of precipitated phases, Gi,c is the
diffusion growth rate of the cluster envelope and the subscript c
stands for the cluster PBE/QMOM system. The nucleation term
in Eq. 14 comes from the PBE/QMOM system for elementary
particles. All new nuclei are considered as clusters with only one
particle that can collide with other particles to grow up.

Multi-QMOM results

The multi-QMOM has been developed to obtain the clus-
ter size and composition inside a liquid steel ladle from a
single simulation.

The mean cluster or particle size is observed by tracking
the Sauter mean diameter d32,c ¼ m3,c/m2,c or d32,p ¼ m3,p/
m2,p. We also define the number-volume mean diameter d30,c:

d30;c ¼
ffiffiffiffiffiffiffiffi
m3;c

m0;c

3

r
(15)

Then, the elementary particle PBE and the cluster PBE
are linked by a volume conservation hypothesis, which
implies that the global precipitate volume is equal to the
total cluster volume. This yields the following relationship
between all third-order moments:

m3;c ¼
XNp

p¼1

m3;p: (16)

Figure 1. Symbolic representation of cluster shapes.
Black and gray particles represent elemen-
tary particles belonging to two different
phases.

These two species are followed by the elementary particle
PBE/QMOM systems, while clusters are followed by the
cluster PBE/QMOM system.
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The cluster size and cluster composition can be assumed
to be independent of each other provided that collisions do
not depend on the type of oxide. This assumption is realistic
because alumina and titanium oxides are considered as solid
spherical particles. The volume percentage of one oxide p
inside a cluster is defined by:

/v;p ¼
m3;p

m3;c
: (17)

Finally, the average mass of a cluster is written by using
the parameters defined in Eqs. 15 and 17:

Mcluster ¼
XNp

p¼1

kvqp/v;p d30;c
� �3

; (18)

where kv is the volume shape factor (equal to p/6 for spherical
particles) and qp is the oxide density.

Numerical Implementation

Coupling fluid motion, chemistry, and
population balance

The software is made up of three independent pieces of soft-
ware that can share data through file access. The chemical com-
position and all the moment vectors are transported as passive
scalars inside the Fluent

VR
CFD software. The chemical compo-

sition is sent to the thermo-kinetic code once the scalar transport
computation has been achieved by the CFD code. The thermo-
kinetic software checks the chemical equilibrium evolution and
computes the growth and nucleation rates for each precipitate.
The chemical composition is then sent back to the CFD code.
Finally, all moments of PBE/QMOM systems are updated with
terms stemming from diffusion growth, elementary particles
nucleation and aggregation (actually only for the clusters PBE),
making the coupling process ready for a new time-step. As
QMOM is directly implemented in the CFD code Fluent

VR
, in

the form of user defined functions, the variables are shared by
the two programs. The thermo-kinetic code is called as an exter-
nal application and it exchanges data with the CFD code
through ASCII data files.

Nucleation and diffusion growth rates

The nucleation rate J and the diffusion growth rate G are
computed by the thermo-kinetic code, which is based,
according to the classical nucleation theory (CNT), on the
minimization of the Gibbs free energy. The competition
between the volumic nucleation driving force and the surface
creation energy cost results in a minimum given by Ref. 14:

DG� ¼ 16pr3

3 DG2
v

; (19)

where r is the interfacial energy, and DGv is obtained from

DGv ¼ I
X
i;j

CjiXi

 !
=Vm; (20)

with I denoting the driving force of precipitation. Cij is the
number of atoms of component j in the oxide i, Xi is the mole

fraction of oxide i and Vm is the oxide mole volume. For a
given oxide stoichiometric compound, the driving force I
obeys the following expression:

I ¼ RT ln
ðaEÞxðaOÞy
KExOy

:aExOy

� 	 1
xþy

( )
; (21)

where R is the ideal gas constant, T denotes temperature, aE
and aO are, respectively, the activities of element E and of
oxygen referred to the 1% dilute solution, aEx Oy

is the activity
of ExOy in the oxide, KEx Oy

is the solubility product of ExOy in
the liquid metal, and x and y are the appropriate stoichiometric
coefficients. Then the rate of homogeneous nucleation of
inclusions is given by:

J ¼ ZbnNs exp �DG�

kBT

� 	
; (22)

where Z is the Zeldovitch factor, bn a frequency factor, Ns the
number of nucleation sites per unit volume, and kB the
Boltzmann constant.

In the thermo-kinetic software, it is considered that all
precipitates are spherical with the diameter of new nuclei,
increasing for decreasing driving force according to CNT,
given by

L� ¼ �4r=DGv; (23)

therefore the nucleus diameter is larger at the end of the
process than at the beginning.

Finally, when the diffusion growth rate is not limited by
interfacial kinetics the diffusion flux at the surface is
obtained as follows:

Ui ¼ ki C
ðlÞ
i � C

ðiÞ
i

� �
; (24)

where Ci
(l) and Ci

(i) are the concentrations in mol m�3,
respectively in the liquid steel far from the precipitate and at
the interface. Ci

(l) is given by composition transport and when
the growth is controlled by diffusion, Ci

(i) is the equilibrium
value. Here, due to the small size of the precipitates, the
Sherwood number 2rki/Di can be assumed equal to two,
therefore the mass transfer coefficient ki is taken equal to Di/r
where Di is the diffusion coefficient of the element i and r the
radius of the precipitate (cf. Table 1).

Growth treatment for elementary particles

Instead of directly using the diffusion growth rate Gp,i pre-
sented in Eq. 13 where the weights of the Dirac’s distribu-
tions are modified accordingly, the abscissas are shifted

Table 1. Values of Density and Diffusion Coefficients in
Liquid Steel at 1873 K

Units Steel

q kg m3 7.00 � 103

l Pa s 6.2 � 10�3

DAl m2 s�1 3.02 � 10�9

DO m2 s�1 12.58 � 10�9

DTi m2 s�1 8.3 � 10�9
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ensuring growth in a proper manner. Let us describe more
precisely this procedure in the following. First, the oxide
volume is connected to the third moment according to the
following relationship:

Vi;p ¼ kvwi;pL
3
i;p: (25)

Then, we notice that only the size of the particles (and not
their number) is concerned by diffusion growth, so that it is
useless to try to modify the weights (i.e., the number of the
moving classes of the QMOM framework). The volume vari-
ation for node i during a time-step Dt is obtained through:

DVi;p ¼ kvD wi;pL
3
i;p

� �
¼ kvwi;p L3i;p tþ Dtð Þ � L3i;pðtÞ

� �
; (26)

giving finally the new abscissa used to reconstruct the vector
of moments for the next time-step:

Li;p tþ Dtð Þ ¼ Li;pðtÞ 1þ DVi;pk
�1
v

wi;pL
3
i;pðtÞ

" #1=3
: (27)

As a consequence, the product-difference algorithm is not
used because the new treatment of particle diffusion growth
only shifts the node abscissas. It may be noticed that even if
this new way of treating the particle growth may seem quite
simple, it is an important modeling step as it enforces the
numerical stability. Actually, it has been observed that if
weights and abscissas were modified as presented in Eq. 14,
the product-difference algorithm might fail. Therefore, the
set of moments obtained (and convected) thereafter is still
the set of moments of a real distribution.

Growth treatment for clusters

Even if the problem has been simplified by decoupling the
cluster size from the cluster composition, i.e., nCluster
(L,X1,…Xp) � nCluster (L), the cluster volume must satisfy
the volume conservation hypothesis. In the same way that
the diffusion growth of elementary particle is treated, the
QMOM abscissas of clusters are shifted using a multiplying
factor hf. Consequently, the new cluster QMOM abscissas
are calculated as follows:

Li;c tþ Dtð Þ ¼ Li;cðtÞhf ; (28)

with a factor independent of the abscissa:

hf ¼ 1þ Dm3;c

m3;c

� 	1=3

: (29)

To illustrate the described model for cluster growth, Fig-
ure 2 shows the impact of hf upon a Gaussian cluster shape
with a QMOM using four nodes. Therefore, for a global vol-
ume divided by two (hf ¼ 2�1/3 � 0.794) or multiplied by
two (hf ¼ 21/3 � 1.259), the global shape of the cluster pop-
ulation is conserved and only abscissas are modified in ac-
cordance with the volume conservation hypothesis.

The two models for elementary particle growth or cluster
growth are nearly the same, as shown by Eqs. 27 and 28.

Let us point out that the growth coefficient for elementary
particles is computed node by node whereas there is only
one coefficient for clusters.

Aggregation kernel

In this article, the aggregation mechanism is classically
assumed to be a second-order process, in which the rate of
collision is proportional to the product of concentrations of
the two colliding species.15 Thanks to dilution, the collisions
between three bodies or more are neglected. Moreover, as
the collisions are assumed to be instantaneous, a three-body
collision can be considered as the succession of two binary
collisions. Three kernels are used, according to their range
of influence:
• For very small particles (negligible inertia), Brownian

motion is the main mechanism leading to inter-particle colli-
sions; in this case, the kernel writes as:

bBrij ¼ 2kBT

3lL

Rc;i þ Rc;j

� �2
Rc;iRc;j

; (30)

where Rc,i ¼ Li/2 is the collision radius and lL is the fluid
viscosity.
• For inertial particles that do not perfectly follow the tur-

bulent fluctuations, the effect of Brownian motion can be
neglected, and turbulence becomes the main mechanism; if
the particle diameter is smaller than the Kolmogorov micro-
scale, gK ¼ (v3L/e)

1/4, a new collision kernel can be used.
The turbulent aggregation kernel can be expressed by

bTurbij ¼ a Rc;i;Rc;j

� �
bTurbij0 ¼ a Rc;i;Rc;j

� � ffiffiffiffiffiffiffiffiffiffiffi
8p
15

e
vL

r
Rc;i þ Rc;j

� �3
;

(31)

where bTurbij0 is the Saffman-Turner collision kernel16 and
a(Rc,i, Rc,j) is the coagulation efficiency, which takes into
account the forces to eliminate the liquid film between two
colliding particles and the Van der Waals force.17,18 It can
be shown that the Brownian kernel alone generally does not
lead to rapid formation of large aggregates and that the tur-
bulent kernel significantly enhances the rate of inter-particle
collisions.15

• If precipitates are lighter than the liquid, then collisions
happen due to the difference in rise velocities between par-
ticles of various size. The corresponding Stokes aggregation
kernel is given by:

Figure 2. Shape evolution due to cluster growth model
(Gaussian initialization, four nodes).
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bStij ¼ a Rc;i;Rc;j

� �
bStij0 ¼ a Rc;i;Rc;j

� � 2pg qL � qp
� �
9lL

R2
c;i � R2

c;j




 



Rc;i þ Rc;j

� �2
; ð32Þ

where g denotes the gravitational acceleration.
In Eqs. 31 and 32 the coagulation efficiency is expressed

in terms of the mean velocity gradient _c in the particle
neighborhood, following Van de Ven and Mason18:

a Rc;i;Rc;j

� � ¼ 0:8H0:18 36plL _c
Rc;i þ Rc;j

2

� 	3
 !�0:18

; (33)

where H is the Hamaker constant, the value of which is not
well established for the mixed oxides studied here. Therefore
H is set to 10�20 J in the next simulation, a value which is a
good compromise with predicted values obtained for Al2O3

alone in liquid iron at T ¼ 1873 K (H ¼ 2.3 � 10�20 J).19 For
the Saffman-Turner kernel, the mean velocity gradient in Eq.
33 is _c ¼ ffiffiffiffiffiffiffiffiffi

e=vL
p

, while in case of Stokes collisions the
velocity gradient is obtained from the difference in terminal
velocities of two particles:

_c ¼ 2g

9lL
qL � qp


 

 R2

c;i � R2
c;j




 



Rc;i þ Rc;j

¼ 2g

9lL
qL � qp


 

 Rc;i � Rc;j



 

:
(34)

As is usual, the aggregation kernel is finally approximated
by simply adding the three kernels given by Eqs. 30–32:

bij ¼ bBrij þ bTurbij þ bStij : (35)

Time stepping for aggregation

The solution of multi-QMOM/PBE is split into three parts:
nucleation, growth by diffusion and growth by aggregation.
To ensure positive values of the three first moments using an
Euler time integration scheme, the aggregation source term
is calculated with the following general time step condition:

Dt0 � K
m0ðtÞ

D0 � B0

; (36)

where K is a constant defining the cluster aggregation
limitation (e.g., for K ¼ 0.005, only 0.5% of the population
are aggregated), and B0, D0 are the birth and death source
terms for the moment m0, according to Eqs. 8 and 9. Note that
D0[B0, so that all terms in Eq. 36 are positives. As shown in
Figure 3, the general time step condition is validated by the
comparison between analytical and numerical results, assum-
ing an exponential initial PSD for a constant aggregation
kernel b0:

mkðtÞ ¼ mk t ¼ 0ð Þ 2

2þ N0b0t

� 	1�k=3

(37)

where N0 is the initial number of particles per unit volume (m�3).
The moments are initialized with the gamma function C:

mk t ¼ 0ð Þ ¼ C 1þ k

3

� 	
: (38)

The same aggregation test case has been performed in a
one-dimensional simulation by transforming the time de-
pendent PBE into a steady one-dimensional PBE with a uni-
form convection velocity20 (u ¼ 1 m s�1). Results obtained
by this simulation, using the same initialization, are also in
good agreement with the analytical solution.

Application to a Model Ladle Reactor

Geometry and simulation set up

The ladle reactor (Figure 4) is a cylindrical vessel lined
with refractory bricks and stirred with argon bubbles injected
through a porous bumper at the bottom center. On top of the
liquid steel, the slag protects the steel from reoxidation by
the air oxygen and from heat losses. It also captures solids
inclusions. A ladle of height h ¼ 3.70 m and radius r ¼ 2 m
contains about 325 tons of liquid steel. To reduce computa-
tional cost, a two-dimensional axisymmetric geometry is
modeled in this work, and the energy equation is not solved,
which means that neither the heat losses through the ladle
walls and surface nor the heat production by precipitation
are taken into account. In the present state, the slag is mod-
eled as a reflecting wall without inclusion extraction or
chemical exchange (although these phenomena will be mod-
eled for industrial applications).

Initially, the ladle reactor contains pure iron with 500 ppm
dissolved oxygen. Additional elements, namely aluminum
and titanium, are introduced together during 10 s in the form
of small spherical beads of diameter 4 mm. The amount of
each deoxidizer is prescribed in order that all oxygen is con-
sumed by alumina precipitation or by titanium oxide precipi-
tation (cf. Table 2). Aluminum and titanium particles are

Figure 3. Aggregation validation case: N0 5 1/m3 and
b0 5 1 m3 s21.

Symbols: analytical solution; solid lines: numerical solution
obtained with four nodes.
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scheduled to melt after a time delay of 1 s inside the ladle,
as confirmed by a preliminary work21 which has shown that
such a melting time of 1 s is in good agreement with experi-
mental data.

As regards the numerics, let us mention that the CFD
code and the PBE solution work in double precision and that
three nodes are used for each QMOM. The first six moments
are chosen to track the particle distribution (m0 to m5).

The flow is computed using the realizable k�e turbulence
model,22 which is known to provide better performance for
flows involving recirculation and prevents nonrealizability of
the Reynolds stresses for flow regions where Sk/e [ 3.7,
with S being the strain rate, k the turbulent kinetic energy,
and e the turbulent dissipation rate. This choice of turbulence
model has been found to be needed in the present computa-
tions because the ratio Sk/e has been observed to exceed the
value 3.7 in the most part of the flow. The standard wall
function (i.e., a logarithmic ‘‘law-of-the-wall’’) is used as a
boundary condition at the vessel walls. It is worth noting
that such a turbulence model can be used here since the liq-
uid steel may be considered as a simple and Newtonian liq-
uid at our working spatial and time scales23 (its viscosity
and other properties are given in Table 1). A second-order
discretization scheme QUadratic Interpolation for Convective
Kinematics (QUICK) is selected for the convective terms.
Due to the low concentration of oxides, any effect of the
particles upon the liquid steel flow can be neglected. Once

the flow field has reached a steady state, it is numerically
frozen and the full coupling between the numerical tools is
started. All mass fractions and moments are tracked by the
CFD code as passive scalars in a steady fluid flow.

Results

The stationary liquid flow field obtained after 180 s of
stirring by argon bubbles is displayed in Figure 5. The
plume zone is clearly defined with a maximum velocity near
1.3 m s�1. The fluid recirculation ensures the composition
homogenization and the particle transport.

The main purpose of the presented numerical model is to
describe the behavior of inclusions during the ladle treat-
ment. From now, all presented results (mass fraction, cluster
size, and composition) are averaged over the entire ladle. In
the plots shown in Figures 6, 7, 8, 9, 10, 11, time t ¼ 0 s
corresponds to the beginning of the aluminum and titanium
melting, therefore all the injected particles are assumed to be
dissolved in the steel at t ¼ 10 s. The mass fractions of the
dissolved elements and precipitated oxides are shown in Fig-
ures 6 and 7. The linear introduction of aluminum and

Table 2. Thermo-Kinetic Data for Alumina and Titanium

Units Al2O3 TiO2

q kg m�3 3.990 � 103 4.250 � 103

DG0 J �1,199,869 þ 393.212 T �645,874 þ 224.346 T
Vm m3 mol�1 2.5554 � 10�5 1.8799 � 10�5

r J m�2 0.1 0.1

Figure 5. Fluid velocity field (left) and computational
grid (right).

The maximum velocity is about 1.3 m s�1.

Figure 6. Time evolution of the mass fraction of dis-
solved elements.

Figure 4. Sketch of the ladle reactor with its axis of
revolution.

The argon bubbles are injected at the bottom center (A),
and the additional elements are introduced through the slag
at the top of the ladle (B).

AIChE Journal September 2010 Vol. 56, No. 9 Published on behalf of the AIChE DOI 10.1002/aic 2353



titanium in Figure 6 has to be related to the linear produc-
tion of oxides in Figure 7. Before 10 s, all deoxidation par-
ticles melt and they react directly with the local dissolved
oxygen. After 10 s, the oxygen removal is limited by scalar
transport and the ladle composition is stabilized after 100 s
of chemical reaction (see Figures 6, 7, and 10). The mean
Sauter diameter of clusters, d32,c, and the mean cluster mass,
Mcluster, are presented in Figures 8 and 9. As far as the stabi-
lized composition appearing at the end of the simulation is
considered, d32,c is about doubled while Mcluster is multiplied
10-fold; all of which is in good agreement with the calcula-
tion of particle mass using the particle diameter.

As shown by Figures 7 and 10, at the end of the simula-
tion the clusters are composed of about 2/3 alumina and 1/3
titanium oxide, a proportion related to their respective Gibbs
free energies. When aluminum and titanium are in competi-
tion for oxygen capture, thermodynamics predicts that alu-
mina precipitates more easily than titanium oxide (see Table
2).

The mean cluster size distribution, illustrated in Figure 11
in which the weights are plotted as functions of the node
abscissas, confirms the production of large inclusions
(exceeding 3 lm) by consumption of small particles. The
first node is divided by a factor 10 from time 100 s to 600 s.
Only agglomeration due to turbulent or Stokes collisions are
strong enough to explain the rise of particle diameter.

Conclusions

The cluster size and composition of solid oxide inclusions
inside a liquid steel ladle of Fe-Al-Ti-O have been studied

by means of an improved QMOM, called multi-QMOM. The
multi-QMOM reconstructs the mean cluster size and compo-
sition and makes it possible to draw a picture of the cluster
population inside the entire steel ladle. The use of Np þ 1
PBE/QMOM systems to predict the cluster size and compo-
sition (Np being the number of precipitated species) requires
only Nq(Np þ 1) moments to be calculated and tracked by
the numerical tool (where Nq is the number of QMOM
nodes). To successfully run the simulation case, the standard
way of taking the growth process into account has to be
modified. By shifting the Dirac delta position, it is ensured
that the shape of the vector of moments still describes the
moments of a probability density function.

The production of large aggregates (exceeding the Kolmo-
gorov length scale, which is of the order of 100 lm) raises
the question of the validity of the turbulent aggregation ker-
nel. Indeed, when the particle size enters the inertial domain
a new turbulent aggregation kernel must be used instead of
Eq. 32. This is in development and a new turbulent kernel
will be implemented following the works of Abrahamson24

and Zaichik et al.25 Moreover, in order for the numerical
predictions to assess the final cleanliness of liquid steel,
appropriate extraction models will be implemented so as to
simulate bubble capture, slag entrapment and wall adhesion.

As it affects mainly the buoyancy effect, the possible cor-
relation between size and composition has been neglected,
seeing that all oxides have nearly the same densities (about
4000 kg m�3) in this preliminary work. To our knowledge,
no study has been carried out so far regarding the effect of
such a correlation. Nevertheless, we expect that the use of
DQMOM would make it possible to allow for the correlation

Figure 7. Time evolution of the mass fraction of pre-
cipitated oxides.

Figure 8. Time evolution of the Sauter mean diameter
of clusters.

Figure 9. Time evolution of the mean mass of clusters.

Figure 10. Predicted mass fraction of each oxide inside
a cluster.
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between size and composition. This new development is left
for future work.

In the present state, simulations are restricted by the com-
putational cost of the thermo-kinetic code (50 min for
90,000 cells with a time-step of 0.05 s on a quad-core bi-
processor INTEL Xeon computer). Therefore, the efforts will
be devoted towards the code parallelization. It is worth men-
tioning also that additional precipitates can easily be added
into the simulation. Taking advantage of such improvements,
the next important step for industrial application will be a
3D ladle study including the prediction of the production of
most harmful inclusions like titanate aluminum for instance.
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Figure 11. Illustration of the cluster size distribution at
time t 5 10 s, t 5 100 s, and t 5 600 s.
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